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Abstract

A new wall-model that is able to predict the fluctuating wall
shear-stress from a large-scale velocity input is investigated.
The model is based on the spectral structure of the turbulent
boundary layer and the interaction between large-scale events
in the logarithmic layer and small scale events near the wall.
The model is implemented in large-eddy simulations to assess
its efficacy compared to a ‘standard’ wall model. Results show
that the new wall-model has a small effect on mean quantities—
the skin-friction coefficient and mean velocity profile—in the
outer-regions of the boundary layer, and is able to resolve more
of the wall shear-stress variance than the standard wall-model.
Introduction

Understanding and predicting the near-wall behaviour of turbulent flows is a pervasive challenge in fluid mechanics. Many
experimental measurements are not able to effectively scrutinise this region; and numerical simulations that aim to fully
resolve the near-wall dynamics are restricted to low Reynolds
numbers. Knowledge of the near-wall behaviour of fluids at
high Reynolds numbers is, however, of primary importance for
predicting the behaviour of turbulent boundary layers in general. In flows over smooth surfaces, the near-wall dynamics are
governed by the no-slip condition, which dictates a region of
high shear immediately above the wall. This high shear is coupled with tangential stress at the surface, which is commonly
referred to as wall shear-stress and is the focus of the present
study.
Wall shear-stress is an important parameter in wall-bounded
flows and is a primary cause of drag in many engineering applications. Fluctuations of wall shear-stress are also an important consideration. Extreme and sustained stress fluctuations
can lead to scouring and mechanical damage on ships and aircraft and can affect environmental flows, such as rivers, estuaries and the ocean [10]. Predicting wall shear-stress and its
fluctuations is difficult due to the presence of very small motions that occur in a thin inner layer near the wall. Because of
their size, which decreases with increasing Reynolds number, it
is impractical to fully resolve these motions with direct computation in physically significant flows at high Reynolds numbers.
This, in conjunction with the aforementioned wide range of applications, has motivated the development of methods to model
and predict wall shear-stress and its fluctuations.
Various
Reynolds-number
dependent
empirical/semitheoretical formulations for the friction coefficient [16],
and use of the law-of-the-wall in Reynolds-averaged Navier–
Stokes (RANS) simulations, have enabled sufficiently accurate
predictions of the mean wall shear-stress, τw . There are,
however, very few models available to predict the fluctuating
component, τ′w , where τ′w = τw − τw and τw is the instantaneous

value. Experimental [7] and numerical [14] studies have
both shown that instantaneous values of wall shear can be
significantly larger than the mean value. Indeed, Örlü and
Schlatter [14] show that the instantaneous fluctuating wall
shear-stress can exceed five times the mean value.
Large-eddy simulation (LES) is a promising approach for predicting these shear-stress fluctuations with a good level of fidelity. However, the computational cost of wall-resolved LES
rapidly becomes prohibitive with increasing Reynolds number.
Therefore, approximate boundary conditions must be used to
model the near-wall region [16].
The new wall-model investigated in this study is based on the
spectral structure of the turbulent boundary layer. The spectral
structure is described in detail in various publications by Marusic et al., but will not be discussed at length here. Suffice it to
say that it is well accepted [3] that there are two main energetic
ranges of scales that interact within a boundary layer—one defined by an inner-peak on the premultiplied energy spectrogram
of streamwise velocity fluctuations, which occurs near the wall
(z+ ≈ 15); and the other defined by an outer-peak on the spectrogram, √
which appears near the middle of the logarithmic region
(z+ ≈ 15Reτ ) and becomes more prominent with increasing
Reynolds number [3]. Here, z denotes the wall-normal direction; Reτ is the Reynolds number based on the boundary layer
thickness, δ, the kinematic viscosity, ν, and the friction velocity, uτ = (τw /ρ)1/2 , with assumed constant density, ρ; and the
superscript ‘+’ denotes a quantity that has been scaled in wall
units, i.e. with the friction velocity and the kinematic viscosity.
The interaction between these two main energetic ranges of
scales results in a coupling between the small-scale structure
of the turbulence in the vicinity of the wall and the large-scale
motions of the log-layer. More specifically, large-scale motions
occurring in the outer region of the turbulent boundary layer
leave their ‘footprint’ near the wall. This interaction can be well
described by a superposition mechanism [4], and an amplitudemodulation effect [9]. Based on these observations, Marusic et
al. [8, 10] proposed a model capable of predicting time-series of
the streamwise velocity fluctuations near the wall given a largescale single-point input taken away from the wall. Recently,
Mathis et al. [11] extended the original model to predict the
wall shear-stress fluctuations and showed that the model is able
to reconstruct the fluctuating wall shear-stress with a good level
of spectral/statistical accuracy over a wide range of Reynolds
numbers. This model will be referred to as the inner-outer scale
interaction (IOSI) model, due to the physical observations that
underpin its derivation. The input requirement for large-scale
information taken away from the wall makes this model well
suited to large-eddy simulations.
Cabrit et al. [2] investigated this model and its applicability for

LES with a series of a priori tests over two decades of Reynolds
numbers. They concluded that, in contrast with standard wall
models, the IOSI model is able to reproduce the high-order moments of the fluctuating wall shear-stress and their Reynolds
number dependence. Cabrit et al. also conclude that the a priori tests highlight the well-posed nature of the model for LES.
The aim of this study is to provide complimentary a posteriori
results by investigating the IOSI model when implemented in
large-eddy simulations.
Inner-Outer Scale Interaction Wall-Model

Cabrit et al. [2] analysed the spectral structure of a turbulent
boundary layer and showed that the wavelength of the innerpeak scales with wall units (λ+
x,inner ≈ 1000), which makes resolving this peak computationally demanding, especially with
increasing Reynolds number. The outer-peak, however, scales
with the boundary layer thickness (λ+
x,outer ≈ 4δ), which is large
enough to be resolved by LES. Additionally, many studies have
+
suggested that the inner-peak region (λ+
x < 7000; z < 30) is universal for all wall-bounded flows. The IOSI model thus combines the resolvability of the outer-peak with the assumed universality of the inner-peak and can be written as:
′
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stress normalised by wall variables; τw,x
is the ‘universal’
streamwise wall shear-stress signal that would exist in the absence of any inner-outer interactions [11]; α is the superposi′
+
tion/modulation coefficient (α = 0.1 [11]); and uOL
is the fluctuating streamwise velocity normalised by wall variables. The
O-subscript denotes a variable taken in the outer- or log-region
and the L-subscript denotes a variable that has been filtered to
′
′
+
only contain large-scales. For LES, uOL
is replaced by ⟨uO+ ⟩,
where ⟨⋅⟩ represents a filtered quantity (sub-grid scale filtering).
The first term on the right-hand side of equation (1) models the
′
amplitude modulation of the small scales, here τw∗ , by the large′
+
scale log-region motions, uOL
; and the second term models the
superposition of the large-scales felt at the wall [11].

There are ostensibly two options when implementing this model
in an LES code. The first is to solve for the wall shear-stress on a
very fine grid and filter the results to be commensurate with the
LES grid for the rest of the simulation. This option is very computationally expensive and is not aligned with the goal of this
study. The second option is to apply subgrid-scale filtering—
the size of the grid spacing—to the model before implementing
it. This is what has been done in this study. The filtered model
becomes:
′

′
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(2)

where C is a correction due to the location of the input signal
(which is not necessarily in the centre of the log-region) and is
defined by Cabrit et al. [2]. Finally, the result from filtering the
′
∗
first two terms on the right-hand side of equation (2)—⟨τw,x
⟩
′

′

∗
and ⟨τw,x
⟨uO+ ⟩⟩—can be assumed negligible when comparing
with the experimental database. Therefore, the model that is
implemented is:
′
′
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⟩ = Cα⟨uO+ ⟩,
(3)
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In this model, u+
O is the mean streamwise velocity evaluated at
the input location for the IOSI model (i.e. in the middle of the
log-layer); κ is the von Kàrmàn constant and is given a value of
0.384 [11]; and R1 , R2 and R3 are constants with values 7.375,
10 and 3, respectively. In the original derivation of Reichardt’s
law, R1 and R2 were given values of 7.8 and 11, respectively,
however, the values used in this study were found to be in better agreement with data from the last decade [2]. When implemented, the only unknown in equation (4) is the mean wall
shear stress, τwp , which is hidden by the normalisation of the
streamwise velocity by wall variables (uτ ).
In summary, the filtered wall shear-stress is found from a combination of the new IOSI wall-model (fluctuating component)
and Reichardt’s law of the wall (mean component). This is depicted in equation (5):
′
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where τwp,x
is the predicted streamwise fluctuating wall shear-
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the streamwise wall shear-stress and therefore must be coupled
with a model for the mean component when implemented in an
LES solver. Here, Reichardt’s law of the wall [18] is used for
this purpose:

assuming that ⟨⟨uO+ ⟩⟩ = ⟨uO+ ⟩. As mentioned previously, the
IOSI model is only able to predict the fluctuating component of

(5)

IOSI

Simulations are also conducted with just Reichardt’s law of the
wall (i.e. without the IOSI model), which will be referred to as
the ‘standard’ wall-model, to highlight the potential improvements obtained with the IOSI model.
Numerical Method

The incompressible filtered Navier–Stokes equations were
solved using a pseudospectral approach in the horizontal directions and a second-order accurate centred-differences scheme
requiring a staggered grid in the vertical direction. Temporal
integration was performed using the fully explicit second-order
accurate Adams–Bashforth scheme and periodic boundary conditions were used in the streamwise and spanwise directions.
Further details of the numerical method and computational code
are discussed by Bou-Zeid et al. [1] and Porté-Agel et al. [17].
Two subgrid scale (SGS) models were used in this study—the
Smagorinsky model [19] and the σ-model [13]. The implementation of the Smagorinsky model is explained by Bou-Zied et al.
in [1]; and the derivation of the σ-model is outlined by Nicoud
et al. in [13].
Results from simulations at four friction Reynolds numbers are
compared to the results of experimental measurements taken
by Kulandaivelu [6] in the High-Reynolds Number Boundary
Layer Wind Tunnel at the University of Melbourne [12]. A
summary of the simulations and their associated parameters is
presented in table 1.
The large-scale velocity input for the wall-model is taken at
a point which has been shifted in both the wall-normal and
streamwise directions relative to the point at which the wall
shear-stress is calculated. The need for the wall-normal shift
was briefly discussed when the IOSI model was introduced. It
was stated that it is desirable for the large-scale streamwise velocity input to be at a wall-normal location between the innerand outer-peaks on the streamwise velocity spectrogram—that
is, near the middle of the logarithmic region of the boundary
layer. It can be seen in table 1 that the wall-model input, z+
wm ,
is close to the middle of the log-layer in all simulations. This is
also illustrated in figure 2.
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√
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41, 472
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32
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1985
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211
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22, 884
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786, 432

2247
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Grid dimensions
Lx
Ly
Lz

8πδ

2πδ

δ

Table 1. Summary of computational parameters.
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All simulations, particularly those at the two highest Reynolds
numbers, agree well with the empirical models and show the appropriate Reynolds number trend. There is no discernible feedback from the IOSI wall model on C f . This is expected since
the IOSI model only solves for the fluctuations of wall shearstress, which presumably have a mean of zero and thus do not
effect the mean value of shear-stress or, consequently, C f .
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δ, and the driving pressure gradient term,
=
are
imposed in the code, which results in a fixed Reτ . The velocity
profile, and thus the bulk velocity, ubulk , are, however, free parameters and can thus be used when comparing the skin-friction
coefficient. Note that the Kàrmàn–Nikuradse model is not valid
for the highest Reynolds number investigated.
∂⟨p⟩
∂x

This study has explained the characteristics of a new wall-model
that is able to predict wall shear-stress fluctuations from largescale velocity information near the middle of the log-layer. The
model was originally derived by Marusic et al. [8, 10] and was

27

These models are functions of the bulk Reynolds number, which
δ
is defined as Reb = 4δubulk /ν where ubulk = 1δ ∫z=0 ⟨u⟩dz. Functions of the bulk Reynolds number are used for comparison
since the friction Reynolds number, Reτ , is not a free parameter in these simulations. Both the boundary layer thickness,

Conclusions

Re

The predicted skin-friction coefficient, C f , from each simulation is shown in figure 1. For reference, two empirical models
are also shown in this figure—the Kàrmàn–Nikuradse model
[5], C f = 0.046Reb−0.2 ; and a model proposed by Petukhov [15],
C f = 2(2.236 ln Reb − 4.639)−2 .

=

Results and Discussion

Figure 3 shows the two-dimensional wall shear-stress energy
spectra for the four simulations at Reτ = 22, 884. It can be seen
that there is an absence of stress variance at the small scales—
small λx /δ and λy /δ—in both simulations with the standard
wall-model. This is because an average velocity is required for
Reichardt’s law, which is obtained by averaging velocity information at neighbouring grid points. This small scale information is available with the addition of the IOSI model. Of most
importance in this figure is the increase in stress variance that
is imposed by the IOSI wall-model, while not altering the peak
location. This result is expected since the IOSI model provides
information about the fluctuations of wall shear-stress. Indeed,
this is consistent with the study by Cabrit et al. [2], who anticipated that a ‘standard’ wall model would naturally filter out a
non-negligible amount of the wall shear-stress energy.

τ

Similar to the study by Bou-Zeid et al. [1], simulations were initialised with a logarithmic profile near the surface merging with
a zero gradient profile near the top. Velocity fluctuations were
imposed randomly on the mean profile. Simulations were converged to a statistically steady state—until the mean values of
fluctuating quantities were not functions of time—over 500, 000
iterations with a fixed timestep of 1.8 × 10−4 . Data were then
obtained during a further 500, 000 iterations for all cases.

The mean velocity profiles from the simulations at the two highest Reynolds numbers are shown in figure 2. The location of
the input for the wall-model is illustrated and it can be seen
that this is nominally in the centre of the logarithmic region
for each Reynolds number. Experimental data shown are from
the boundary layer measurements of [6]. The discrepancy in
the wake-region between the numerical and experimental data
is explained by the effect of including freestream values in the
mean profile that are not present in channel flow. It should also
be noted that the experimental data have been filtered with the
same filter width as used in the simulations. The simulations
with the σ-SGS-model agree well with the experimental data
in the log-layer; where the simulations with the Smagorinsky
SGS-model appear to deviate from the experimental data in this
region. The IOSI wall-model can also be seen to have a small
effect on the velocity profile. It slightly decreases the mean velocity in the wake region in all simulations.

Re

The streamwise shift is necessary due to the inclination angle
of turbulent structures near the wall. That is, events that occur in the logarithmic region of the boundary layer—streamwise
velocity fluctuations—are displaced some distance downstream
of the corresponding wall shear-stress event. The inclination
angle was investigated by Marusic and Heuer [7] using data
from the boundary layer wind tunnel at the University of Minnesota and atmospheric surface layer (ASL) measurements at
the Surface Layer Turbulence and Environmental Science Test
facility in western Utah. From these data, Marusic and Heuer
concluded that the average inclination angle from the wind tunnel measurements was 13.8○ , with no discernible variation with
changing wall-normal position; and the average angle from the
ASL data was 14.4○ . The small variation in these experimental
results from Reynolds numbers ranging three orders in magnitude suggests that the structure inclination angle is invariant
with Reynolds number. In the present simulations, an inclination of 16○ is used. This is different to the value used by Mathis
et al. of 14.1○ [11], but was found from the present simulations
to be effectively invariant between the Reynolds numbers under
consideration.
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Figure 1. Skin-friction coefficient from all simulations.
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Figure 2. Mean velocity profile at the two highest Reynolds numbers—
10, 111 and 22, 884. Solid coloured lines show results from simulations
with only the Reichardt wall-model; dashed coloured lines show results
from simulations with the Reichardt and IOSI wall-models. Numerical
data shown on the left are from the σ-SGS-model; and data on the right
are from the Smagorinsky SGS-model. Solid black lines show results
from boundary layer experiments [6]. The shaded regions show the
range of the log-layer for each Reynolds number.

assessed by Cabrit et al. [2] who performed a series of a priori tests and concluded that it was well posed for large-eddy
simulation.
It was shown that the IOSI wall-model did not have a significant effect on the skin-friction coefficient, C f . The mean
velocity profiles of simulations using the σ-SGS-model were
seen to compare favourably with the experimental data used for
comparison, especially in the log-layer. The wall-model was
also shown to have a small effect on the mean velocity profile.
Finally, the two-dimensional wall shear-stress variance clearly
shows that the IOSI model is able to resolve more energy than
the standard wall-model. Thus, in summary, the IOSI wallmodel has been shown to effect the characteristics of the wall
shear-stress, but the feedback on the flow further from the wall
is less significant.
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Figure 3. Two-dimensional energy spectra of the streamwise wall shearstress at a friction Reynolds number of 22, 884. Results are shown for
the σ and Smagorinsky (Smag.) subgrid-scale models, and the Reichardt (Rei.) and IOSI wall-models.
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